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Ž . 2 Ž . 3  Abel equations of the form r  a t r  b t r , t t , t , are of interest0 1
because of their close relation to planar vector fields. In this paper three new
Ž .results on Abel equations are presented: 1 An asymptotic expansion of the
Ž . Ž . Ž .solutions of Abel equations in terms of the coefficient functions a  and b  . 2 A
Ž .simple recurrence relation for Bautin quantities of Abel equations. 3 A center
condition for a class of polynomial Abel equations.  2001 Academic Press
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1. INTRODUCTION
Ž .We consider real scalar ordinary differential equations ODEs of the
form
2 3  1.1 r  a t r  b t r , t t , t .Ž . Ž . Ž . 0 1
Ž .Equation 1.1 is called the Abel equation, and especially called the
Ž . Ž .polynomial periodic Abel equation, when the coefficient functions a 
Ž . Ž .and b  are polynomials in t in sin t and cos t .
The main reason why we are interested in Abel equations is that they
are closely related to planar vector fields. There are at least three classes
of planar systems which are in some sense equivalent to some Abel
equations. The first class is planar polynomial systems of the form
1.2 xy p x , y , y x q x , y ,Ž . Ž . Ž .˙ ˙
1 Ž .E-mail: lyang@math.tsinghua.edu.cn corresponding author .
2 E-mail: tangyun@mail.tsinghua.edu.cn.
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with homogeneous polynomials p and q of degree k. There has been a
longstanding problem, called the Poincare center-focus problem, for the´
Ž . Ž .system 1.2 : find explicit conditions of p and q under which 1.2 has a
Ž .center at the origin 0, 0 ; i.e., all the orbits nearby are closed. The problem
is equivalent to an analogue for a corresponding periodic Abel equation.
Ž . Ž .To see this let us note that the phase curves of 1.2 near the origin 0, 0
in polar coordinates x r cos  , y r sin  are determined by
dr r k Ž .
1.3  ,Ž . k1d 1 r  Ž .
where  and  are homogeneous polynomials in cos  and sin  of degree
k 1 and can be easily expressed by p and q. Applying the transformation
k1 Ž k1 Ž ..   Ž . r  1 r   first suggested by Cherkas 8 to 1.3 we get a
periodic Abel equation
d
2 31.4  a    b   ,Ž . Ž . Ž .
d
Ž . Ž .where a k 1   and b k 1 . Therefore the planar
Ž . Ž . Ž .vector field 1.2 has a center at 0, 0 if and only if the Abel equation 1.4
Ž . Ž .has a center at  0; i.e., all the solutions nearby are closed:  0   2 .
The second class is Lienard systems of the form´
x y , yf x y g x .Ž . Ž .˙ ˙
Obviously the orbits of the system are also determined through y 1z
by the Abel equation
dz
2 3 f x z  g x z .Ž . Ž .
dx
The third one is some cubic systems which can be transformed into Abel
 equations; see Devlin et al. 10 for details.
 Abel equations have been investigated over the years. Lins Neto 13
gave examples which show that there is no upper bound for the number of
closed solutions of an Abel equation unless suitable restrictions are placed
 on the coefficients. Alwash and Lloyd 1 presented a quite general center
Ž .  condition see Theorem 5.1 for Abel equations. Gasull and Llibre 12
studied the number of closed solutions of a class of Abel equations of the
Ž . 3 Ž . 2 Ž .form r  a t r  a t r  a t r and proved that if a or a does not3 2 1 3 2
change sign, then there are either infinitely many or at most three such
 solutions. In the papers 6, 7 Briskin et al. recently further studied Alwash
and Lloyd’s center condition and conjectured that the condition is suffi-
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cient and necessary for a polynomial Abel equation to have a center at
r 0. For periodic Abel equations the condition was already proved to be
 not necessary by Alwash 2 .
Ž . Ž . Ž .Let the solution r t, c of 1.1 with r t , c  c be expanded in power0
Ž . Ž . 2 Ž . 3 Ž .series r t, c  c r t c  r t c   . Usually, the coefficients r t2 3 n
Ž .are called Bautin quantities and the ideal generated by all r by r , . . . , rn 2 n
Ž .  called the Bautin ideal Bautin ideal of order n 5 . For periodic Abel
Ž .equations derived from the planar vector field 1.2 , the Bautin ideal
contains the information for solving the Poincare center-focus problem´
Žand the local Hilbert 16th problem bound to the number of small limit
.cycles to be born under a perturbation of a center .
Ž .How to efficiently compute Bautin quantities r t has been a difficultn
problem discussed in many publications. The standard recurrence relation
Ž .of r tn
1.5 r  a r r  b r r r , n 2, 3, . . . , r  1Ž . Ý Ýn i j i j k 1
ijn ijkn
  Ž .is investigated and used in 1, 9 . In comparison to 1.5 a much simpler
recurrence relation
1.6 c  nac  n 1 bc  0, n 1, 2, . . . , c  1Ž . Ž .n1 n n1 1
  Ž .was presented by Du and Zeng 11 . The quantities c t are equivalent ton
Ž . Ž .Baution quantities r t in the sense that the c t also generate then n
Ž . Ž .Bautin ideal of order n . The quantities c t are in fact derived from then
Ž . 	 Ž . n Ž .inverse function c t, r Ý c t r of the solution r t, c .n1 n
In this paper three new results are presented on Abel equations.
Ž .1 An asymptotic expansion of the solutions of Abel equations in
Ž .terms of the coefficient functions a and b Theorem 3.4 . The error
estimate of the expansion is also presented. This expansion gives us some
insight into the highly nonlinear dependence of the solutions on a and b.
Ž .2 A new simple recurrence relation of Bautin quantities,
t
1.7 r t  A t r t  r t b 
 r 
 d
 , n 1, 2, . . . ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý Hn1 n i j
t0ijn
Ž . Ž .for r t Theorem 4.1 .n
Ž .3 A center condition for a class of polynomial Abel equations.
Ž . Ž . Ž . ŽUsing the relation 1.7 we prove that if a t is linear and b t is small i.e.,
. Ž .    its coefficients are small , the Abel equation 1.1 with t , t  1, 10 1
Ž . Ž .has a center at r 0 if and only if b t is odd Theorem 5.5 .
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Now let us outline the organization of the rest of the paper. In Section 2
we present an integral form of Abel equations. From the integral form we
derive the asymptotic expansion mentioned above and the recurrence
Ž .relation 1.7 in Section 3 and Section 4, respectively. Last in Section 5 we
give a center condition for a class of polynomial Abel equations.
2. INTEGRAL FORM OF ABEL EQUATIONS
In this section we present a simple integral form of Abel equations
which plays a fundamental role of the paper. Let us consider an Abel
equation
2 3  2.1 r  a t r  b t r , t t , t .Ž . Ž . Ž . 0 1
Ž . 2Dividing 2.1 by r and integrating it, we can then easily get
c
2.2 r t , c  ,Ž . Ž . t1 cA t  cH b 
 r 
 d
Ž . Ž . Ž .t0
Ž . t Ž .where c is a small integral constant and A t  H a 
 d
 . The integralt0
Ž .equation 2.2 can be easily written in another form
t
2.3 r t , c  c 1 A t r t , c  r t , c b 
 r 
 , c d
 .Ž . Ž . Ž . Ž . Ž . Ž . Ž .Hž /t0
Ž .  PROPOSITION 2.1. A continuous function r  on the close interal t , t0 1
Ž . Ž .satisfies the integral equation 2.2 or 2.3 if and only if it is continuously
Ž . Ž .differentiable on the open interal t , t and satisfies the Abel equation 2.10 1
Ž .with the initial condition r t  c.0
Proof. The conclusion is obvious.
3. ASYMPTOTIC EXPANSION OF SOLUTIONS
In this section we first define a nonlinear operator T for given continu-c
ous functions a, b and a small constant c, then prove that T is contractivec
 nŽ .4and that an iterated sequence T f with a suitable f converges to thec
solution of the Abel equation
2 3  3.1 r  a t r  b t r , t t , t .Ž . Ž . Ž . 0 1
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     For convenience we take t , t to be 0, 1 . Let C 0, 1 denote the Banach0 1
 space of all continuous functions on the interval 0, 1 with the norm
   Ž .  Ž .f max f t . With the integral form 2.2 of Abel equations in0	 t	1
mind we define a nonlinear operator.
   T : C 0, 1 C 0, 1 ,c
cdef3.2Ž . T f t Ž . Ž .c t1 cA t  cH b 
 f 
 d
Ž . Ž . Ž .0
  1for given a, bC 0, 1 and c . Obviously T is well defined on anc
 arbitrary bounded set of C 0, 1 if c is suitably small. Let us first observe
some useful properties of T .c
     LEMMA 3.1. For fC 0, 1 and c with f 	M and c 
def 1Ž    . Ž .c  a  b M , T f is well defined and differentiable, and satisfies0 c
d 2 2T f t  a t T f t  b t T f t f t .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .c c cdt
Furthermore we hae an identity
3.3 T f t  T g tŽ . Ž . Ž . Ž . Ž .c c
t
 T f t T g t b 
 f 
  g 
 d
 , 0	 t	 1Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Hc c
0
       for arbitrary f , gC 0, 1 and c with f , g 	M and c  c .0
Proof. The conclusion follows from a direct computation.
Ž    .1LEMMA 3.2. Let c  a  b  1 . Then we hae1
     3.4 T f 	 1 if f 	 1 and c 	 c .Ž . Ž .c 1
   Proof. If f 	 1 and c 	 c , then we have1
   c c
 T f t 	 	 	 1.Ž . Ž .c              1 c a  b f 1 c a  bŽ .Ž .
The conclusion follows.
1'Ž      .  LEMMA 3.3. Let c  b  a  b . If c  c , then T is a2 2 c
      4contraction mapping on the close unit ball B  fC 0, 1 f 	 1 of1
 C 0, 1 .
Proof. It follows from Lemma 3.1 and Lemma 3.2 that
          T f t  T g t 	 T f T g b f g 	 C f g ,Ž . Ž . Ž . Ž . Ž . Ž .c c c c
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where
2 cdef
 C b .ž /     1 c a  bŽ .
 It is easy to prove that C 1 if c  c and therefore T is contractive2 c
on B .1
According to the well known Banach contraction principle an iterated
nŽ .  sequence T f with fB converges uniformly for t 0, 1 to thec 1
unique fixed point of T in B . Proposition 2.1 shows that the fixed pointc 1
Ž . Ž .is no other than the solution r t, c of the Abel equation 3.1 .
'    Ž  THEOREM 3.4. For gien a, bC 0, 1 and c with c 	 b 
    .1 Ž . Ž . Ž .a  b  1 , the solution r t, c of the Abel equation 3.1 with r 0, c
 nŽ .Ž .4 c can be uniformly approximated by an iterated sequence T f t , i.e.,c
3.5 r t , c  lim T n f t , 0	 t	 1Ž . Ž . Ž . Ž .c
n	
   for arbitrary fC 0, 1 with f 	 1. Furthermore the following error esti-
mate holds
3.6 r t , c  T n f t  O c2 n .Ž . Ž . Ž . Ž . Ž .c
Proof. As we mentioned above, the first part of the conclusion follows
Ž .from the Banach contraction principle. Let us establish 3.6 . According to
Lemma 3.1 we have
r t , c  T f tŽ . Ž . Ž .c
t 2 r t , c T f t b 
 r 
 , c  f 
 d
 O c ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Hc
0
Ž . Ž . Ž .Ž . Ž .  because r t, c  O c and T f t  O c for arbitrary fC 0, 1 . Soc
Ž . Ž .3.6 holds for n 1. Assume that 3.6 holds for n. Then
r t , c  T n1 f tŽ . Ž . Ž .c
tn1 n 2 n2 r t , c T f t b 
 r 
 , c  T f 
 d
 O c .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ž .Hc c
0
The induction completes the proof.
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Ž .We rewrite the limit 3.5 by
3.7Ž .
c
r t , c  .Ž . b t dtŽ .t 1 121 cA t  cŽ . H b t dtŽ .t0 2 2121 cA t  cŽ . H1 t20 1 cA t  c Ž . H2
0
Ž . Ž .We call 3.7 the asymptotic expansion of the solution r t, c of the Abel
Ž . Ž . Ž .equation 3.1 in terms of a  and b  .
4. A RECURRENCE RELATION FOR BAUTIN QUANTITIES
Let the solution of the Abel equation
2 3  4.1 r  a t r  b t r , t t , tŽ . Ž . Ž . 0 1
1'  Ž       .be expanded in power series in c for c  c  b  a  b  1 :0
2    4.2 r t , c  r t  r t c r t c   , c  c , t t , t .Ž . Ž . Ž . Ž . Ž .0 1 2 0 0 1
In this section we derive a new recurrence relation for the Bautin
Ž . Ž . Ž .quantities r t in 4.2 from the integral form 2.3 . This recurrencen
Ž .relation is much simpler than the standard one 1.5 and will be used in
establishing a center condition for a class of Abel equations in the next
section.
Ž . Ž . Ž . Ž .One easily sees that r t  0 because r t, 0  0. Putting 4.2 into 4.10
Ž . Ž .one gets r t  0. So it follows that r t  1 from the initial condition1 1
Ž . Ž .r 0, c  c. Therefore the solution r t, c has the form
4.3 r t , c  c r t c2  r t c3   , r t  0.Ž . Ž . Ž . Ž . Ž .2 3 n 0
Clearly, a sufficient and necessary condition for r 0 to be a center of
Ž .4.1 is
4.4 r t  0, n 2, 3, . . . .Ž . Ž .n 1
Ž . Ž .Now let us establish a recursive relation for r t in 4.3 .n
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Ž . Ž .THEOREM 4.1. The Bautin quantities r t in 4.3 satisfy the followingn
recurrence relation for n
 1
r t  A t r t  C t orŽ . Ž . Ž . Ž .n1 n n
n4.5Ž . n nlr t  A t  A t C t ,Ž . Ž . Ž . Ž .Ýn1 l
l2
where
t
r t  1, C t  r t b 
 r 
 d
 , l
 2.Ž . Ž . Ž . Ž . Ž .Ý H1 l i j
t0ijl
Ž . Ž . Ž .Proof. Putting 4.3 into 2.3 one gets the first relation of 4.5 . The
Ž .second one of 4.5 follows from the first.
Ž .With the recurrence relation 4.5 we easily get the first expressions
Ž .of r t :n
r t  1Ž .1
r t  A tŽ . Ž .2
2r t  A t  B tŽ . Ž . Ž . 34.6Ž .
t3r t  A t  2 A t B t  b 
 A 
 d
Ž . Ž . Ž . Ž . Ž . Ž .H4
t0
 ,
Ž . t Ž .where B t  H b 
 d
 .t0
5. A CENTER CONDITION FOR A CLASS OF
POLYNOMIAL ABEL EQUATIONS
Center conditions for Abel equations with polynomial coefficients of
 small degrees are presented by Alwash and Lloyd 1 , Blinov and Yomdin
   4 , and Briskin et al. 7 . In this section we will establish a center condition
for a class of polynomial Abel equations in the case that the coefficient
Ž .a  is linear.
Ž .First note that if r t, c is the solution of
2 3  5.1 r  a t r  b t r , t t , tŽ . Ž . Ž . 0 1
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Ž .with r t , c  c, then the solution of the Abel equation0
2 2 3  5.2 r  a t r   b t r , t t , tŽ . Ž . Ž . 0 1
Ž .for  0 with s t , c  c is given by0
def
5.3 s t , c  r t , c .Ž . Ž . Ž .
Ž .Clearly the Abel equation 5.1 has a center at r 0 if and only if the
Ž .Abel equation 5.2 does also.
Ž . Ž .Now we consider 5.1 with a  being linear. If we take the interval
    Ž .t , t to be 1, 1 , then the constant term of a t vanishes due to a0 1
1 Ž .necessary condition H a t dt 0 for a center. Therefore to establish a1
Ž . Ž . Ž .center condition for 5.1 with a  linear, we need only do so for 5.1 with
Ž .a t  2 t, i.e., for an Abel equation of the form
2 3  5.4 r  2 tr  b t r , t 1, 1 .Ž . Ž .
Ž .In the following we first introduce a center condition Theorem 5.1 due to
 Alwash and Lloyd 1 which we need below. Then we prepare some
lemmata, and last we state and prove the main result Theorem 5.5 of this
section.
   THEOREM 5.1 1 . Assume a, bC t , t to be expressed by0 1
ˆ5.5 a t  a  t   t , b t  b  t   tŽ . Ž . Ž . Ž . Ž . Ž . Ž .Ž . Ž .ˆ
ˆŽ . Ž .for some continuous functions a  , b  and a continuously differentiableˆ
Ž . Ž . Ž .function  which is closed, i.e.,  t   t . Then the Abel equation 5.10 1
has a center r 0.
Ž . Ž .Proof. Using the first formulas of 4.5 one can easily prove that r t isn
Ž . Ž Ž ..expressed by r t  r  t for each n, and therefore the conclusionˆn n
holds.
Now let us establish some lemmata.
Ž .LEMMA 5.2. The origin r 0 is a center of the Abel equation 5.1 if and
only if
t t1 15.6 a t dt 0 and b t r t dt 0, n
 0,Ž . Ž . Ž . Ž .H H n
t t0 0
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or equialently if and only if
t t1 1  5.7 a t dt 0 and b t r t , c dt 0, c  c .Ž . Ž . Ž . Ž .H H 0
t t0 0
Ž . Ž .Proof. The equivalency between 5.6 and 5.7 is obvious. We only
Ž .prove that the condition 5.7 is sufficient and necessary for r 0 to be a
Ž .center. Setting t t in 2.3 we have1
t15.8 r t , c  c 1 A t r t , c  r t , c b t r t , c dt ,Ž . Ž . Ž . Ž . Ž . Ž . Ž .H1 1 1 1ž /t0
Ž . t1 Ž . Ž . Ž .where A t  H a t dt. If 5.7 holds, then it follows from 5.8 that1 t0
Ž . Ž .r t , c  c, and the sufficiency holds. Assume that the Abel equation 5.11
Ž . Ž .has a center r 0. Then we get A t  0 from 4.6 and therefore1
t1 Ž . Ž . Ž .H b t r t, c dt 0 from 5.8 . The necessity is proved.t0
t Ž . Ž .The next lemma gives us a useful expression for H b 
 r 
 d
 .t n0
LEMMA 5.3. The following relation holds for n
 2
t t n kb 
 r 
 d
 b 
 A 
 d
 A t R tŽ . Ž . Ž . Ž . Ž . Ž .ÝH Hn1 l
t t0 0 kln
t k1 k a 
 A 
 R 
 d
 ,Ž . Ž . Ž .Ý H l
t0kln
where l
 2, k
 0, and
1 t t
5.9 R t  b 
 r 
 d
 b 
 r 
 d
 , i , j
 1.Ž . Ž . Ž . Ž . Ž . Ž .Ý H Hl i j2 t t0 0ijl
Ž . Ž .Proof. Multiplying by b t the second recurrence relation of 4.5 and
then integrating it we get
t t n5.10 b 
 r 
 d
 b 
 A 
 d
Ž . Ž . Ž . Ž . Ž .H Hn1
t t0 0
n
t n l A 
 b 
 C 
 d
 .Ž . Ž . Ž .Ý H l
t0l2
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Note that
dt
5.11 b t C t  b t r t b 
 r 
 d
 R t .Ž . Ž . Ž . Ž . Ž . Ž . Ž . Ž .Ý Hl i j ldtt0ijl
Ž . Ž .Now putting 5.11 into 5.10 and then integrating by parts we get the
conclusion.
LEMMA 5.4. The following matrix M is regular,
1 i2 2 jM m , m  t  1 t dt , 0	 i , j	N.Ž . Ž .Hi , j i , j
0
ˆ Ž .Proof. Consider a matrix M m withˆ i, j
11 2 i 2 jm  t t dt , 0	 i , j	N.ˆ Hi , j 2 i j  1Ž .0
ˆIt is easy to see that M TM, where T is a lower triangular matrix with
ˆdiagonal elements 1. So we need only to prove that M is regular. In fact it
ˆfollows that M is symmetric positive definite from
2N
1 2 i T ˆ t   M 0ÝH iž /0 i0
T N1Ž .  4for an arbitrary    , . . . ,    0 .0 N
Now we are in position to state and prove the main theorem of this
section.
Ž .THEOREM 5.5. Let b  be a polynomial. Then for  small enough the
Abel equation
2 3  5.12 r  2 tr   b t r , t 1, 1Ž . Ž .
Ž .has a center r 0 if and only b  is an odd polynomial.
Ž .Proof. The proof of the sufficiency is easy, because if b  is odd, then
Ž . Ž 2 .b can be written by b t  tq t . By induction one easily proves that a, b
Ž . Ž . 2can be expressed as in 5.1 with  t  t , and then Theorem 5.1 implies
the sufficiency. Let us prove the necessity. Assume that the Abel equation
Ž .5.12 has a center at r 0. Then it follows from Lemma 5.2 and Lemma
5.3 that for n
 3
1 1n k15.13 b t A t dt k a t A t R t dt ,Ž . Ž . Ž . Ž . Ž . Ž .ÝH H l
1 1kln
l
 2, k
 0,
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Ž . Ž .where R is defined in 5.9 . Let b t be written in the forml
5.14Ž .
N N
2 2 2 i 2 i 2 2b t  p t  tq t  x t  t y t , x  y  0.Ž . Ž . Ž . Ý Ýi i N N
i0 i0
Then for 0	 i 	 we have
1 1 ii 2 25.15 b t A t dt p t t  1 dtŽ . Ž . Ž . Ž . Ž .H H
1 1
N N
1 i2 2 j 2 x t  1 t dt 2m x ,Ž .Ý ÝHj i , j j
0i0 i0
1Ž 2 . i 2 jwhere m  H t  1 t dt. Let F  F  F  0 andi, j 0 0 1 2
1 k15.16 F x , y ,   k 2 tA t R t dt , n
 3.Ž . Ž . Ž . Ž .Ý Hn l
1lkn
Ž .T Ž .TThen F is a polynomial in x x , . . . , x and y y , . . . , y with an 0 N 0 N
vanishing linear part, because R is such a polynomial in x and y. Now wel
Ž .rewrite 5.13 in another form
5.17 M x F x , y ,  , n 0, 1, 2, . . . ,Ž . Ž .n n
Ž . Ž .where M  m , . . . , m . The sufficiency part means that x, y n n, 0 n, N
Ž . Ž . Ž . Ž .0, y correspondingly b is odd satisfies Eqs. 5.17 ; i.e., F 0, y,   0n
N1 Ž .for any y and any . Therefore F x, y,  can be written asn
˜5.18 F x , y ,  M x , y ,  x ,Ž . Ž . Ž .n n
˜ N1Ž . Ž .where M  m , . . . , m  . Now a combination of 5.17 with˜ ˜n n, 0 n, N
Ž .5.18 yields
˜5.19 M  M x , y ,  x 0, n 0, 1, 2, . . . .Ž . Ž .Ž .n n
N1 Ž .It is obvious that if x, y satisfy 5.19 and if  is small enough,
Ž .then it follows from the first N 1 equations of 5.19 that x 0, because
Žthe N 1 row vectors M , . . . , M constitute a regular matrix Lemma0 N
˜. Ž .5.4 which keeps its regularity under small perturbations M x, y,  , nn
Ž . 0, . . . , N. Therefore for  small enough, x must be zero, namely, b  is
necessarily odd. The necessity is proved.
Ž .Remark 5.6. The key step of the proof is to prove that the system 5.17
Ž . Ž .of equations has only solutions x, y  0, y for small  . It is reasonable
to conjecture that the conclusion of Theorem 5.5 holds without  inserted
Ž .in 5.12 .
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 Remark 5.7. Briskin et al. presented recently in 6, 7 a moment
condition
t n15.20 b t A t dt 0, n 0, 1, 2, . . .Ž . Ž . Ž .H
t0
as a center condition for investigation of the center problem of Abel
Ž .equations. For Abel equations with the form 5.4 , the moment condition
1 Ž .Ž 2 .nreads H b t t  1 dt 0. It holds if and only if M x 0 for n1 n
Ž .0, 1, 2, . . . , equivalently if and only if b is odd x 0 . That is, the moment
Ž .condition 5.20 holds if and only if b is odd.
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